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Problem Solving

Problem Solving is a
process:

- Identify a gap between
the state of a system as it
is and as it is desired to
be

- Take the necessary
measures to make the
gap smaller
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1) Identify and define
the problem State of
. system
2) Determine the set of
alternative actions
3) Determine the criteria

that will be used for Desired
) State of
the evaluation of the e
alternatives
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4) Perform the evaluation
of the alternatives Ssta;ttee ;f
5) Make the choice :

6) Implement the chosen

alternative

7)Evaluate the impact of SDtestirec::
. ate o

the chosen alternative to -

the perceived gap
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LP deals with problems where there is a need to
optimize resources in order to perform activities
that are competing with each other
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Linear Programming

\ v - 3
4 OR had provided solutions to
Military operations during World
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Linear Programming

The word “program” in Linear
Programming is a historical
artifact. The initial problem was
a resource allocation problem
for the Air Force of the United
States of America. The
Var 1. decisions about resource

b allocation were called
R e “Programs” and the term

ity ok remained ever since
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Linear Programming

Objective of LP:

Maximize or minimize a quantity taking
into account restriction that limit the
degree to which the objective can be
achieved
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Criteria of LP problem:

- Thevariables that represent the competing activities (or services,
products etc.) that the decision maker can act upon. They are called decisi
variables.
- The function that represents the quantity that needs maximization or
minimization is called objective function.
- The restrictions that limit the degree to which the objective can be
achieved are called constraints.
- Finally, there is the solution of the LP problem, if it does not violate any
of the constraints is called feasible solution. The set of all feasible solutions is
called the feasible area of the problem. If a feasible solution also maximizes
or minimizes the objective function, it is called optimal
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Maximization Problem

The owner of a small telecommunications company manufactures two types of
phones, phone A and phone B. The company has set the price at such a level that
phone A that is being sold the profit is 150€, while for phone B is 200€. However, t
company cannot manufacture an infinite amount of phones. The government with &
law that aims to protect the working force has declared that only 550 working hours
be available to the company per month (based on the number of its employees). To
manufacture both phones, 1 working hour for each is required. Furthermore, for the
construction of the phones a very rare mineral is required and the company has only
limited amount of it, 2000 mg. To manufacture phone A, 5 mg of the mineral are re

while for phone B 2 mg.
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Maximization Problem

Moreover, the company produces greenhouse emissions when constructing the pho
analyst has calculated that 1 pg of harmful emissions are emitted for every phone
constructed and 3ug for every phone B. According to EU regulations though, the co
cannot emit more than 1000 pg of harmful gases per month in order to protect the
environment. Finally, the CEO of the company has decided that this will be the last t
that the company produces phone A and they should not produce more than 280 phon
The problem is to help management determine how many of each phone they should
produce in order to maximize their profits, while respecting all the constraints. The ab
problem is a typical LP problem. The following paragraphs will present a series of steg
how to solve such problems. The first step is to translate every important piece of

information into a mathematical term or function.
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Maximization Problem

Decision variables:

The variables that the decision maker can act upon are the numbers of &
phone that will be produced
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Maximization Problem

Decision variables:

x1 = number of phones A
X7 = number of phones B
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Maximization Problem

Objective Function (Maximize Profit)

P =150 % x; + 200 * x,
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Maximization Problem

Constraints

1) The working hours for constructing the phones must be less than or equ
the number of hours defined by the government. In mathematical terms:

1*x;+1%x, <550
2) The use of the mineral must be less that the quality that the company

possesses. In mathematical terms:
Sxx;+2*x, <2000
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Maximization Problem

Constraints

3) Emissions produced by the company must be lower that the limit imposé
the EU. In mathematical terms:

1*xy+3*xx, <1000

4) The number of phones A must not be more that the limit set by the preside
of the company. In mathematical terms:
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Maximize
P =150 * x; + 200 * x,

subject to the constraints:

1*xy+1xx, <550

5%xx1+2%*x, <2000

1*x;+3*xx, <1000
x1 < 280
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ASSUMPTIONS FOR LINEAR PROGRAMMING
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There are 4 assumptions that are necessary in order for a LP model to [
appropriate:
Proportionality: It means that the contribution to the objective functio
from a decision variable must be linear. The same applies for the constra
Thus, an objective function of the form x, + x# + 3 cannot be part of an |
problem.
Additivity: there must not be a relationship among the decision variables.
Thus, it is not an LP problem if it has the form x, * x; + x?
Divisibility: All variables must be continuous

Certainty: All data must be known and precise
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Linear Programming

From Constraints
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Linear Programming

Extreme points of the feasible region are the solutions to the LP
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Questions:

- Knowing the optimal values for x, and x;, what happens to the other
constraints? Are all the resources used (time, the limit for emissions)
- Can you provide an interpretation of your answer to question a?
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Linear Programming

Exercise

In board games there might be a time where it is necessary to place some resources (workers, pawns, build
in places on the board. However, each worker placement comes with a cost and you only have a specific n
workers (resources) at your disposal. For example, let’s assume that you are the mayor of a city and you neé€
decide on the construction of 3 new bus terminals (named B1, B2, B3). There are four candidate sites S1, S2,
However there is also an expected cost for the placement of a terminal to any of the spots. The table below
presents these costs.

_-i-_-i-_
| B1 | 13

15 2 13 20

5 7 10 6

However, in this problem each terminal can only be assigned to one site and each site can only
receive/accommodate only one terminal.

- What are the decision variables?

- What is the mathematical formulation of the problem?
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Data Envelopment Analysis

Data Envelopment Analysis (DEA) is a non-parametric, mathematical
programming technique that is used for the evaluation of the technical
efficiency of Decision Making Units (DMUs) relative to one another.

By non-parametric it is meant that there are no assumptions as to the for
the parameters, the form of the frequency distributions etc.
DMUs are entities such as people, firms, organizations (public and priva
convert multiple inputs to multiple outputs.
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Technical Efficiency

) Woutput * ¥
Ewinput *X

technical ef ficiency = ,where x = input level and y

= output level
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Technical Efficiency

The definition of technical efficiency allows the comparative assessment
of DMUs in situations where price information is not available
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Technical Efficiency

As a result, DEA is considered a suitable method for;

« aggregating economic, social and environmental
factors with different units with the purpose of
constructing a multi-dimensional indicator of
efficiency.

* This indicator can help a decision-maker to

comprehend better which DMUs under his control

are efficient, where there is room for improvement

and how this improvement can be achieved
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Problem Formulation

« Suppose there are N homogeneous DMUs, where each DMU uses
m inputs to produce s outputs.

 |dentify the most efficient DMU by maximizing each one’s
individual efficiency.

« Each DMU'’s efficiency is calculated relative to an efficient
frontier

 DMUs located at the efficiency frontier has an efficiency score

of 1 (or 100%), while those under the frontier have an

efficiency of less than 1 (or 100%), hence they have the

capacity to improve
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Problem Formulation

 Constant Returns to Scale

CRS efficient frontier
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Problem Formulation

* Variable Returns to Scale

Increasing returns to scale: In this situation, the average inputs consump
decreases while output rises. For example, a change in the output of 10%
results in change in inputs of less than 10%. For a DMU, operating in increas
returns to scale and wish to improve, it means an expansion of output is
necessary.
Decreasing returns to scale: In this situation, the average inputs consumptia
increases while output rises. For example, a change in output of 10% results i
change in inputs of more than 10%. When a DMU is operating under decrea
returns to scale and wish to improve, it means a reduction of output.
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EXAMPLE

Let us assume that in a potential board game there are 5 mines in whic
player must place some workers. The mines are represented by the nodeé
to E. The x-axis represents the number of workers (input) and the y-axis
kilograms (kg) of precious metal that they excavated in each mine (outpu
example, in mine A, 2 workers have been placed and the excavated 1 kg o
metals, in mine B 3 workers have been placed that excavated 4 kg of precit
metals etc.
To evaluate the efficiency of each mine all that is necessary is to check its p
with regards to the frontiers and contemplate on the nature of scales. To ide
the nature of scale, focus on the slope of the VRS efficient frontiers (or the
projection of VRS inefficient points). In figure below, the projections of
and C in the VRS frontier are the points D,,.;and C, ;.
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CRS efficient frontier

8 -
7
VRS efficient frontier
G -
5 CCRS-I DRS
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SUSTRINES: B DG
Data Envelopment Analysis
EXAMPLE

In an Input orientation we are

trying to minimize the input to
produce the same level of
output
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Data Envelopment Analysis
EXAMPLE

CRS efficient frontier

8 -
Technical Efficiency is 7 ok
measured by: 6
. . 5 - LS
Distance(SAcgs )/ distance
(SA) =0.75/2 =0.375 4 “
3 oD
Technical Efficiency of A oo
echnica 1ciency o 2 i Production possibility set
= 37.5% !
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Data Envelopment Analysis
EXAMPLE

CRS efficient frontier

Technical Efficiency of A 7 35
= 37.5%

6 -
It means that mine A 5 - °C

could reduce the number
of workers on the mine
by 62.5% (100-37.5%) and 3 oD

still be able to produce ' Acrs.o
the same number of 2 i Production possibility set
1
: 1
mineral | Ommmme e oA
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SUSTRINES: B DG
Data Envelopment Analysis
EXAMPLE

In an Output orientation we are
trying to maximize the output by
keeping the same level of input
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SUSTZ: N, B DG
Data Envelopment Analysis
EXAMPLE

CRS efficient frontier

8
Technical Efficiency is 7 ®E
measured by: 6
Distance(TA)/distance(TA T *c
CRSl) = 1/(2.66) = 0.375 4 - B
3 eD
. . . : ACl?lS-O
Te§7h nS]‘ycal EfflC]enCy of A 21 i Production possibility set
= . 0 :
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Data Envelopment Analysis

D)
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

EXAMPLE

OF MACEDONIA

CRS efficient frontier
8 _
Technical output 71 oE
Efficiency of A = 37.5% .
It means that mine 5 °C
A could increase its . :
production by 62.5% N oD
(100'37.5%) W]th ! Acrs.o
th e same numb er Of 21 ; Production possibility set
workers RO R
0 oo | .
0 | 2 3 4 5
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SUSTE NS Bl D
Data Envelopment Analysis
EXAMPLE of Variable Returns to Scale

In an Input orientation we are

trying to minimize the input to
produce the same level of
output
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SUST7: IN#E.,
Data Envelopment Analysis

EXAMPLE

Technical Efficiency is
measured by:

Distance(UD, )/ distance
(UD) = 2.68/4 = 0.667

Technical Efficiency of D
= 66.7%%

.
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VRS efficient frontier

DVRS—O

Production possibility set
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SUSTZ: N, B DG
Data Envelopment Analysis
EXAMPLE .

" VRS efficient frontier
Technical Efficiency of D 6 -
= 66.7%%
> :DVRS-O
This means that mine D N |
could reduce the number i
of workers by 33.3% S S A '
(100-66.7%) and still v Dvest |
produce the same output 21 | Production possibility set
! |
0 | . A
0 1 3 4 5
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SUSTE NS Bl D
Data Envelopment Analysis
EXAMPLE of Variable Returns to Scale

In an Output orientation we are
trying to maximize the output by
keeping the same level of input
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SUS TN, B DES
Data Envelopment Analysis
EXAMPLE .

" VRS efficient frontier
Technical output 6 |
Efficiency is measured
by: i :DVRS-O

. |
Distance(VD)/distance(VA |
VRSO) = 3/5 = 0.6 3 OI_] _________________ D;;R;; ““““ i

2 i Production possibility set
Technical Efficiency of A . f
- 60% |
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SUS T3N3,
Data Envelopment Analysis

EXAMPLE

Technical Output output
Efficiency of D = 60%

It means that mine
D could increase its
production by 40%
(100-60%) with the
same number of
workers

S
Y
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YYYYYYYYYY

Co-funded by the
Erasmus+ Programme
of the European Union
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VRS efficient frontier
6 -
5 |
'Dyvrso
|
41 |
I
|
3o-——-———-——----rrr——— P
U Dygs.1 l
|
|
27 | Production possibility set
I
1 i
I
|
v
0 | O
0 1 3 4 5
f S % o &, Societalea
e 2- Y : A ke Centre
L S () R pentru for Systems
Y Consum | is
CERTH UNIVERSITY 19575017 Responsabil Solutions

OF MACEDONIA



Co-funded by the 1APYMA
Erasmus+ Programme [ IRGEUEUE
of the European Union

Data Envelopment Analysis

L)
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

EXAMPLE

- Mine A is located on the VRS frontier, but not on the CRS frontier. This
the efficiency of mine A is because of inappropriate scale. A is facing in
returns to scale, thus it must increase its output.
- Mine B is located both on the VRS and CRS frontiers, indicating that it is
- Mine C is located neither on the VRS nor on the CRS frontier, indicating t
inefficiency occurs due to inappropriate scale and poor management. Mi
facing decreasing returns to scale.
- Mine D is located neither on the VRS nor on the CRS frontier, indicating tha
inefficiency occurs due to inappropriate scale and poor management. Mine
facing decreasing returns to scale.
- Mine E is located on the VRS frontier but not on the CRS frontier, indicating
inefficiency of mine E occurs because of inappropriate scale. Mine E is faci
decreasing returns to scale, thus it must decrease its output.
Centre
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Data Envelopment Analysis

=)
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Questions

What is the main purpose of DEA?

1)It measures the technical efficiency of Decision Making Units?
2)It measures the productivity of Decision Making Units?

3)It measures the profitability of Decision Making Units?

How is efficiency measured?

1)By the ratio of input over output

2)By the ratio of output over input

3)By the ratio of weighted input over weighted output
4)By the ratio of weighted output over weighted input
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Data Envelopment Analysis
Questions

D)
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

In Constant Returns to Scale:

1) Output increases by the same proportional increase i
2) Output decreases while input increases
3) Output increases while input decreases
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Data Envelopment Analysis
Mathematical Formulation

Let’s assume that there are N DMUs using n inputs to p
s outputs under Constant Returns to Scale (CRS). We de
X;;(i=1...m, j=1..N) the level/value of the i*" input of DM
and y(r=1...s, j = 1...N) the level/value of DMU. Then the
calculation for the technical efficiency can be found b
solving the LP problem:
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Data Envelopment Analysis
Mathematical Formulation

m 5
minimize 0, —e z ST+ z St
i=1

r=1

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

subject to the constraints:

N
z/’tj* Xij =0 xx; —S;,i=1..m
j=1

N

'=y7-j0+5;-|—,?‘= e S
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Data Envelopment Analysis
Mathematical Formulation

)
M GAME-BASED

S I S ¢ N LEARNING ON
&A) URBAN SUSTAINABILITY

In Linear Optimization, a slack variable is one that is ¢
to an inequality constraint to transform it into an equa
In the solution of the problem:
- if a slack variable is zero then the constraint is binding
- if a slack variable is positive the constraint is non-bind
- if a slack variable is negative then the constraint is

violated and the solution is not feasible
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Data Envelopment Analysis
Mathematical Formulation

- DMUj,, is Pareto-efficient if and only if &, = 1and S
for all inputs and outputs.

- If one of the slack values is positive at the optimal solt
the model, it means that the corresponding input (or out
DMUj, can be further improved.

- If none of the above applies, then DMUj, has technical i
efficiency equal to 6,".

If a solution is Pareto efficient, no changes can be macg
one criterion without worsening any other
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Data Envelopment Analysis
Other types of Efficiency

Technical Efficiency: Inputs and outputs are
measured in physical terms

Cost Efficiency: Cost about inputs is added
Revenue Efficiency: Price information about out
is added to the model

Profit Efficiency: Cost about inputs + Price
information about outputs
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Data Envelopment Analysis
Strengths and Weaknesses of DEA

1) DEA can handle multiple input and output

2) It does not require an assumption of a funct
form relating inputs to outputs

3) DMUs are directly compared against a combine

of peers

It is unit invariant. Inputs and outputs can have

different units
@ Centre
tor Systems
Suuhﬂns

Socislaten

‘f'.’ .'>." % . e
n fcﬁé = i? ) ). \v i
errrn ERGO LVDO i AR Ay N pentru
=il _a \ \ ﬁ)\b/ = e dll@ | RFCPUOLIC
- u EDITIONS Y B Eu sum -
U ’ 4 UNIVERSITY esponsabl
CERTH OF MACEDONIA 957 el

«L 7777777777777777777
HELLAS

i




Co-funded by the S BESRERS

ppppppp

Erasmus+ Programme [ | IRAEUHESTEY
of the European Union

Data Envelopment Analysis
Strengths and Weaknesses of DEA

1) Noise (in data) can alter the results

2) It can not offer an “objective” evaluation o
performance

3) Since it is a non-parametric technique, statis

hypothesis tests are difficult

Separate LP problem for each DMU can be

computationally intensive in large problems
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Data Envelopment Analysis
Implications for managers:

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Assume that an efficiency score of 86.3% is obt
Does this number have to be strictly applied??
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Data Envelopment Analysis
Implications for managers:

Assume that an efficiency score of 86.3% is obt
Does this number have to be strictly applied??

It should be interpreted more as an order of
magnitude

Inform the managers that they have to increase
output or decrease input to become more effici

L
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Data Envelopment Analysis
Implications for managers:

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Should efficiency be the only criterion to asses
Unit’s performance???
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Data Envelopment Analysis
Implications for managers:

=)
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Should efficiency be the only criterion to asses
Unit’s performance???

Not necessarily. Other criteria could be considered, fc
example quality or effectiveness
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Data Envelopment Analysis
Implications for managers:

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Assume that all the scores of DMUs dataset are
What does that mean???

Patin gu e
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Data Envelopment Analysis

Areas of Application:

Health care (hospitals, doctors)
Education (Universities, schools)
Banks

Manufacturing

Benchmarking

Fast food restaurants

Energy efficiency of countries

ustainability of c;Quntrles
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Data Envelopment Analysis
Exercise

A company operates 4 metro lines transporting people. The following
summarizes the data for one quarter.

Driver Hours Operational Passengers (per
100 hr Costs 10000 3 10000
— 3 8 100

4.4 2.0 95
3.4 3.4 120
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Data Envelopment Analysis

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Exercise

. . . — — +
minimize 0,—e (Sdrivers + Scost T+ SPassengers)

subject to the constraints:

41 %01 — Sgrivers =41 %A1 +38xA, +44+A3+3.4% 4,
23%01—Scpsts = 23% A1+ 241, +2.0xA3+ 344,
90 + S;assmgers =90*A; +100* A, + 95 x A3 + 120 = A4

4;=20,j=1234
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Data Envelopment Analysis
How to solve it in EXCEL

Co-funded by the
Erasmus+ Programme
of the European Union

G11 & fx
A A | C | D | E
1 |Metro Lines Driver Hours Operational Costs Passengers
2 1 4.1 2.3 950
3 2 3.8 2.4 100
4 3 4.4 2 95
5 4 34 3.4 120
6 |
7
8 |
9
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Data Envelopment Analysis
How to solve it in EXCEL

Al3 v| o v Jr | Constraints
A B C | D | E | F 6
Metro Lines Driver Hours Operational Costs Passengers A
1 4.1 23 9
2 3.8 24 10
3 44 2 9.5
4 3 34 12

ERGO LVDO \
EDITIONS
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DMU under evaluation
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URBAN SUSTAINABILITY

Data Envelopment Analysis

How to solve it in EXCEL

Co-funded by the
Erasmus+ Programme
of the European Union
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A | B | C D | E | G
Metro Lines Driver Hours Operational Costs Passengers A
1 4.1 2.3 9 1
2 3.8 2.4 10 0
3 4.4 2 9.5 0
4 3 34 12 0
DMU under evaluation 1 Efficiency
Constraints -
Driver Hours 4.1 <= 0
10 |Operational Costs 2.3 <= 0
Passengers 9 >= 9
A = 1
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Data Envelopment Analysis
How to solve it in EXCEL

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

In the respective cells we set:

Cell B9: =SUMPRODUCT(B2:B5,SES2:SES5)
Cell B10: =SUMPRODUCT(C2:C5,SES2:SES5)
Cell B11: =SUMPRODUCT(D2:D5,SES2:SES5)
Cell B12: =SUM(E2:E5)
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Data Envelopment Analysis
How to solve it in EXCEL

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Then, we define the right-hand sides of the constraints as following:
Cell D9: =SHS8*INDEX(B2:B5,G7,1)

Cell D10:=SHS8*INDEX(C2:C5,G7,1)

Cell D11:=INDEX(D2:D5,G7,1)

Cell D12: =1
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Data Envelopment Analysis
How to solve it in EXCEL

Finally, to solve the model we need to use Excel’s solver add-in. To Do sa
Click the File tab and then click Options
Click Add-ins and the in the Manage box select the Excel Add-ins option

Click Go
In the Add-ins available,select the Solver Add-in and then OK.
Go to Data tab and select the Solver option.
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Data Envelopment Analysis
How to solve it in EXCEL

Solver Parameters >
Set Objective: ‘ $H$8 )
To: O Max ® Min O Value Of: o] ‘

By Changing Variable Cells:
$E$2:$E$5,$H$8 T

Subject to the Constraints:

$B$11 >= $D$11 ‘ Add ‘

$B$12 = $D%12

$B$9:$B$10 <= $D$9:$D%$10 ‘ Change ‘
‘ Delete ‘
‘ Reset All ‘
‘ Load/Save ‘

Make Unconstrained Variables Non-Negative

sslectasohing TSI - Options |

Method:

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth.
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Data Envelopment Analysis
How to solve it in EXCEL

Solver Parameters >
Set Objective: ‘ $H$8 )
To: O Max ® Min O Value Of: o] ‘

By Changing Variable Cells:
$E$2:$E$5,$H$8 T

Subject to the Constraints:

$B$11 >= $D$11 ‘ Add ‘

$B$12 = $D%12

$B$9:$B$10 <= $D$9:$D%$10 ‘ Change ‘
‘ Delete ‘
‘ Reset All ‘
‘ Load/Save ‘

Make Unconstrained Variables Non-Negative

sslectasohing TSI - Options |

Method:

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth.
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Data Envelopment Analysis
How to solve it in EXCEL

°
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

After you have copied the values above, press Solve. The solution to the
displayed in cell H8.
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Data Envelopment Analysis
Implications for managers:

D)
GAME-BASED
I N LEARNING ON
URBAN SUSTAINABILITY

Assume that all the scores of DMUs dataset are
What does that mean???

1) All the DMUs are equally efficient!!!
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Data Envelopment Analysis
Implications for managers:

Assume that all the scores of DMUs dataset are
What does that mean???

1) All the DMUs are equally efficient!!!
2) The number of inputs and outputs is too high fc
the number of DMUs that are compared
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ANY QUESTIONS?
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